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Abstract
Over a finite field, this paper characterizes absolute irreducibility of two-dimensional rep-
resentations of the free group with two generators. Then, representations and their similarity
classes are enumerated.
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1. Introduction
Let G = 〈u1, u2〉 be the free group generated by u1, u2; GL2(F ) the group of
all 2 × 2 invertible matrices over a field F; and ρ : G → GL2(F ), a two dimen-
sional matrix representation of G (called representation for abbreviation in follow-
ing). In [1], the authors give a classification of representations in terms of 5-tuples
(t1, t2, t3, e1, e2) in F. Working over a finite field, this paper describes irreduc-
ibility and absolute irreducibility further. Then, the numbers of similarity classes of,
all representations, irreducible representations, and absolutely irreducible represen-
tations are computed respectively. Furthermore, the numbers of all representations,
irreducible representations, and absolutely irreducible representations are computed
respectively also.
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Let ρ be a two-dimensional matrix representation of G. Define
χ(ρ) = (t1, t2, t3, e1, e2, e3) ∈ F 6, (1)
where
ti = tr(ρ(ui))
ei = det(ρ(ui))
}
i = 1, 2, 3, u3 = (u1u2)−1, (2)
and three subsets of F 6 by
S1 = {χ(ρ) | ρ runs over all representations}, (3)
S2 = {χ(ρ) | ρ runs over all reducible representations}, (4)
S3 = {χ(ρ) | ρ runs over all absolutely irreducible representations}. (5)
Note that we use 6-tuple (t1, t2, t3, e1, e2, e3) instead of 5-tuple (t1, t2, t3, e1,
e2) of [1]. Then the Theorems 1 and 2 of [1] amount to answer how to characterize
S1 and S2, and when the representations with given (t1, t2, t3, e1, e2, e3) is unique
(up to similarity). In following, let F = Fq . The unique quadratic extension of Fq is
Fq2 .
2. Absolute irreducibility
Lemma 1. S1 = {(t1, t2, t3, e1, e2, e3) ∈ F 6q | e1e2e3 = 1}.
Proof. By the Artin-Chevalley Theorem (cf. [2, p. 133]), the quadratic form
x21/e1 + x22/e2 + x23/e3 + t1x2x3 + t2x1x3 + t3x2x1
in three variables x1, x2, x3 over Fq is isotropic. Then Theorem 1 of [1] implies the
result. 
Define h : (F ∗q )4 → F 6q by
(a1, b1, a2, b2) → (a1 + b1, a2 + b2, a3 + b3, a1b1, a2b2, a3b3), (6)
where, F ∗q = Fq\{0}, a3 = (a1a2)−1, and b3 = (b1b2)−1.
The following lemma is obvious from Theorem 2 of [1] and Lemma 1.
Lemma 2. S2 = {h(a1, b1, a2, b2) | (a1, b1, a2, b2) ∈ (F ∗q )4}.
We now turn to absolute irreducibility. Because every polynomial f (x) ∈ Fq [x]
with degree two has roots in Fq2 , the Theorem 2 of [1] implies the following:
Lemma 3. Let ρ be a representation over Fq,
χ(ρ) = (t1, t2, t3, e1, e2, e3) ∈ F 6q .
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Then the following two conditions are equivalent:
(1) ρ is not absolutely irreducible;
(2) one root λi of x2 − tix + ei in Fq2 (not necessarily in Fq) can be chosen,
i = 1, 2, 3, such that λ1λ2λ3 = 1.
It is well known that the field extension Fq ⊂ Fq2 is Galois extension. Let σ :
Fq2 → Fq2 be the unique nontrivial Fq -automorphism of Fq2 (cf. [3, p. 243]).
We define map g : F ∗
q2
× F ∗
q2
→ F 6q by
(u, v) →(u+ σ(u), v + σ(v),
w + σ(w), u · σ(u), v · σ(v), w · σ(w)), (7)
where, w = (uv)−1.
Lemma 4. S1 − (S2 ∪ S3) = {g(u, v) | (u, v) ∈ F ∗q2 × F ∗q2 − F ∗q × F ∗q }.
Proof. It is easy to verify that the right-hand side is included in the left-hand side
with Lemma 1, 2, and 3.
Let (t1, t2, t3, e1, e2, e3) ∈ S1 − (S2 ∪ S3). Then by
(t1, t2, t3, e1, e2, e3) ∈ S1 − S3
there is a representation ρ which is not absolutely irreducible such that χ(ρ) =
(t1, t2, t3, e1, e2, e3). Hence by Lemma 3 we can choose one root λi of x2 − tix +
ei in F ∗q2 i = 1, 2, 3, such that
λ1λ2λ3 = 1. (8)
Denote another root of x2 − tix + ei by µi, i = 1, 2, 3. Then
µ1µ2µ3 = 1 (9)
by (t1, t2, t3, e1, e2, e3) ∈ S1 and Lemma 1.
If x2 − tix + ei, i = 1, 2, are both irreducible polynomial over Fq, It is obvious
that
λi, µi ∈ F ∗q2 − F ∗q , µi = σ(λi), i = 1, 2,
and then by (8), (9), µ3 = σ(λ3). Therefore,
(t1, t2, t3, e1, e2, e3) = g(λ1, λ2),
(λ1, λ2) ∈ (F ∗q2 − F ∗q )× (F ∗q2 − F ∗q ) ⊂ F ∗q2 × F ∗q2 − F ∗q × F ∗q .
It is impossible that x2 − tix + ei, i = 1, 2, are both reducible polynomial over
Fq. Otherwise, we have λi , µi ∈ F ∗q , i = 1, 2, and then by (8), (9), λ3, µ3 ∈ F ∗q
also. Hence all x2 − tix + ei, i = 1, 2, 3, are reducible polynomial over Fq . This
implies ρ is reducible by Theorem 2 of [1], and the latter contradicts to (t1, t2, t3,
e1, e2, e3) /∈ S2.
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If there is exactly one, for example x2 − t1x + e1 without loss of generality, which
is reducible over Fq among x2 − tix + ei , i = 1, 2,we should proveµ1 = σ(λ1) =
λ1. Otherwise, let µ1 /= λ1. Note that now
λ1, µ1 ∈ Fq, λ2, µ2 ∈ F ∗q2 − F ∗q , µ2 = σ(λ2).
Therefore, by (8), (9), the two roots of x2 − t3x + e3 are
λ3 = (λ1λ2)−1, µ3 = (µ1 · σ(λ2))−1 ∈ F ∗q2 − F ∗q .
Because
σ((λ1λ2)
−1)= (σ (λ1) · σ(λ2))−1
= (λ1 · σ(λ2))−1
/= (µ1 · σ(λ2))−1,
we have µ3 /= σ(λ3). This contradicts to x2 − t3x + e3 ∈ Fq [x]. Hence, µ1 =
σ(λ1) = λ1, and we have
(t1, t2, t3, e1, e2, e3) = g(λ1, λ2),
(λ1, λ2) ∈ F ∗q × (F ∗q2 − F ∗q ) ⊂ F ∗q2 × F ∗q2 − F ∗q × F ∗q . 
Theorem 1. Let maps h, g defined by (6) and (7). Then
S3 = {(t1, t2, t3, e1, e2, e3) ∈ F 6q | e1e2e3 = 1}
−h((F ∗q )4)− g(F ∗q2 × F ∗q2 − F ∗q × F ∗q ).
Proof. This is a consequence of
S3 = S1 − {[S1 − (S2 ∪ S3)] ∪ S2},
Lemmas 1, 2 and 4. 
3. Enumeration of similarity classes
Let a = (a1, b1, a2, b2) ∈ (F ∗q )4. We give a partition of (F ∗q )4 by
X1 = {a | a1 /= b1, a2 /= b2}
X2 = {a | a1 = b1, a2 /= b2}
X3 = {a | a1 /= b1, a2 = b2}
X4 = {a | a1 = b1, a2 = b2}.
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Let s = (t1, t2, t3, e1, e2, e3) ∈ S2. It is obvious that
h(X1) =
{
s | t21 /= 4e1, t22 /= 4e2
}
h(X2) =
{
s | t21 = 4e1, t22 /= 4e2
}
h(X3) =
{
s | t21 /= 4e1, t22 = 4e2
}
h(X4) =
{
s | t21 = 4e1, t22 = 4e2
}
.
Then the following Lemma is straightforward by the above partitions and Lemma 2:
Lemma 5.
(1) |h(Xi)| = |Xi |/2, i = 1, 2, 3, |h(X4)| = |X4|.
(2) |S2| = (q − 1)2(q(q − 2)/2 + 1).
Lemma 6.
(1) |S1 − (S2 ∪ S3)| = 12 (q − 1)2q(q + 2).
(2) |S1| = q3(q − 1)2.
(3) |S3| = (q − 1)2(q3 − q2 − 1).
Proof. (1) It is easy to verify that
|S1 − (S2 ∪ S3)| = 12 |F ∗q2 × F ∗q2 − F ∗q × F ∗q |
from Lemma 4, and this implies the result immediately. 
The following lemma is contained in Section 3 of [1].
Lemma 7. Let s = (t1, t2, t3, e1, e2, e3) ∈ S2. Then
(1) There exists unique similarity class of decomposable representations with 6-
tuple s.
(2) The number of similarity classes of indecomposable reducible representations
with 6-tuple s
=
{
2 if s /∈ h(X4),
q + 1 if s ∈ h(X4).
Theorem 2.
(1) The number of similarity classes of all representations is
(q − 1)2(q3 + q2 − q + 1).
(2) The number of similarity classes of irreducible representations is
(q − 1)2(q3 − q(q − 2)/2 − 1).
(3) The number of similarity classes of absolutely irreducible representations is
(q − 1)2(q3 − q2 − 1).
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Proof. Note that there is unique similarity class of irreducible representations with
given 6-tuple in S1 − S2 (Theorem 2 of [1]).
(1) The number of similarity classes of all representations
= (|S1| − |S2|)+ |S2| + ((q + 1)|h(X4)| + 2(|S2| − |h(X4)|)).
(2) The number of similarity classes of irreducible representations
= |S1| − |S2|.
(3) The number of similarity classes of absolutely irreducible representations
= |S3|. 
4. Enumeration of representations
Let
X = {(A, B, C)|A, B, C ∈ GL2(Fq), ABC = I2},
where, I2 is the 2 × 2 identity matrix. The group GL2(Fq) acts on X by simultaneous
similarity:
T · (A, B, C) = (T −1AT, T −1BT, T −1CT )
for T ∈ GL2(Fq), (A, B, C) ∈ X. Similarly, over the extended field Fq2 , the group
GL2(Fq2) acts on
X˜ = {(A, B, C) |A, B, C ∈ GL2(Fq2), ABC = I2}.
It is obvious that
ρ → (ρ(u1), ρ(u2), ρ(u3))
gives a bijective from the set of all representations to X, and similarity classes of
representations correspond to orbits of the group action. Naturally, by ‘the orbit of
a representation ρ’ and ‘the stabilizer of a representation ρ’, we mean the orbit and
the stabilizer of (ρ(u1), ρ(u2), ρ(u3)).
Lemma 8. The number of representations in a given similarity class is equal to the
cardinal number of the corresponding orbit.
In the reducible case, a canonical form of each similarity class is given in Section
3 of [1]. The stabilizer of every canonical form can be determined by direct calcu-
lation, so that the cardinal number of any orbit of reducible representation can be
determined (cf. [3, Theorem 4.3, p. 89]). We now consider the irreducible case.
Lemma 9. The stabilizer of any absolutely irreducible representation ρ is isomor-
phic to the multiplicative group (Fq)∗ of the field Fq.
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Proof. Select a representative of the orbit of ρ (if necessary, consider the action of
GL2(Fq2) on X˜), whose first matrix is
(
λ1 0
0 µ1
)
(λ1 /= µ1), or
(
λ1 1
0 λ1
)
.
Then, using the absolute irreducibility, the result comes from direct calculation. 
Lemma 10. The stabilizer of any irreducible but not absolutely irreducible
representation ρ is isomorphic to the multiplicative group (Fq2)∗ of the field
Fq2 .
Proof. We can verify that (ρ(u1), ρ(u2), ρ(u3)) is simultaneously similar to
((
λ1 0
0 µ1
)
,
(
λ2 0
0 µ2
)
,
(
λ3 0
0 µ3
))
(µi = σ(λi), i = 1, 2, 3)
under the action of GL2(Fq2) on X˜ (see Lemma 4). Then the result comes from direct
calculation. 
Theorem 3.
(1) The number of all representations is
(q2 − 1)2(q2 − q)2.
(2) The number of irreducible representations is
q(q − 1)3(q4 − q2/2 − 1).
(3) The number of absolutely irreducible representations is
q(q + 1)(q − 1)3(q3 − q2 − 1).
Proof. It is well known that |GL2(Fq)| = (q2 − 1)(q2 − q).
(1) The number of all representations is equal to |GL2(Fq)|2.
(2) The number of irreducible representations
= |S3| ·
(
|GL2(Fq)|/|F ∗q |
)
+ (|S1| − |S2| − |S3|) ·
(
|GL2(Fq)|/|F ∗q2 |
)
.
(3) The number of absolutely irreducible representations
= |S3| ·
(
|GL2(Fq)|/|F ∗q |
)
. 
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